U.S. Naval Observatory Technical Memorandum
FTM-USNO-95-01

8 Temperature Gradient Sensitivity
of the FAME Basic Angle

Marc A. Murison
Astronomical Applications Department

murison@riemann.usno.navy.mil
December 4, 1995

ABSTRACT

If the compound mirror assembly (CMA) in FAME were to be fabricated of asingle block of Zere
dur (instead of silicon carbide with glued-on Zerodur wedgesas currently proposed), then, assum:
ing the thermal environment indicated in the Step 1 proposal, changes in the basic angle due to
temperature gradient fluctuations during the course of one spacecraft spin period are confined to
~35 mes. This gives rise to the interesting possibility that the proposed laser metrology system,
whose sole functional purpose is to measure short-term changes in the basic angle, may not be
needed if further, possibly inexpensive, attention is given to the thermal environment of the CMA.
A tolerance of 25 nmas on changes in the basic angle can be met passively if short-term gradient
changes are on the order ~5 mK/m or less.

Additionally, there is a potential problem that is independent of the metrology question: warping of
the CMA mirrors alone due to static gradients (as illustrated in the Step 1 proposal) will introduce
wavefront errors of order ~18 nm (- /30 at | = 550 nm). Similar warping of the primary mirror
will aso occur.

L
1. Introduction and Summary of N
Results.
This memo addresses the temperature gradient S c
sensitivity of the FAME basic angle. | adopt a
simple analytical model and assume that the so-
called “compound mirror assembly” (CMA) is T~
formed from a contiguous block of glass,or per- §
haps two bonded glass slabs (Figure 1). | con
sider for analytical simplicity two cases: Figure 1

Current design calls for the CMA to consist of silicon carbide with thin Zerodur mirrors attached
with glue. However, the CTE ofSiC is ~200 times that of Zerodur.
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“longitudinal” gradients, where the temperature gradient is in the direction from the CMA to the
primary (parallel to the primary mirror axis of symmetry), and “transverse” gradients, which are
perpendicular to the longitudinal gradients. Both cases assume, as a worst-case scenario, that the
gradient direction lies in the plane of the optical bench.

For convenience, | summarize here the calculations that follow in Sections 2 and 3. | find that
the change in basic angley due to the imposition of agradienb is

__-2a
5@” - COSZX 7l +O(yﬁ)

for the longitudinal case and
h+atany

Y =252y

y.+0(y?)

for the transverse case. Herey =a - 8, wherea isthe CTE of the material ¢ is the angle of the
CMA mirrors with respect to the primary mirror symmetry axig is the distance along the sym
metry axis from the CM Asupport(s) to the CMA mirrors, and2a is the width of the CMA block
(same as the primary mirror width, currently 60 cm). (cf. Figures 1, 3, and 6.) These equations
impose the temperature gradient constraints

cos?y
B, 7

and
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wheret isthe allowed tolerance ondy . For h=0,c =45 deg,t =25 nas, a=30 cm, anda =
2-108K-1, we have #; <5.1 mK/m and 8, <5.1 mK/m. Changes in the temperature gradients
within the CMA of this order or larger ortimescalesof the order of the spacecraft spin period or
less will require direct means of either controlling or measuring the basic angle fluctuations.
(Static gradients are of little or no concern in this respect, since the basic angle is a solution
parameter in the data reduction process.) Figure 2 isacontour plot of the temperature gradient
tolerance in mK/m as a function ofdy in nas and the CTE in units of 1¢ K. The CTE of the
ultra-low expansion glass Zerodur is at most 5x10K™ in the temperature range 0-50 C. For
smaller individual pieces (less than 600 |b.) it is not unreasonable to expect values that are bet
ter than this. | use 2x1® K™ in this memo for illustrative purposes. For comparison, the CTE of
silicon carbide is 4.3x1CF K.

Initial thermal work performed at JPL for the FAME project indicates that the thermal environ
ment may in fact be stable to better than ~7 mK changes over one spin periddIf thisis the case,
and if further analysis supports the results found here, then perhaps relatively inexpensive further
attention to the thermal environment of the CMA in particular could replace the more costly,
complex, and untested (in space) laser metrology system currently proposed.

Additionally, it should be pointed out that, since the CMA liesin collimated light beams, the
additional longitudinal shifts from non-ideal placement of the CMA attachment points to the
optical bench have no significant effect for longitudinal gradients. However, for transverse gra
dients the deformation of the glass between the supports and the mirrors contributes to the reta
tion of each mirror in opposite directions. Therefore, it isimportant thétbe as close as possible
to zero (Figures 3 and 6).

Finaly, there is a potential problem concerning beam divergence due to curling of the mirrors
from static gradients! Changes in the temperature gradients are likely to be too small to have a
noticeable effect. Wavefront errors on the order of 1®icometerswould result from gradient
changes of 5 mK/m However, static thermal gradients, according to a JPL study,are likely to
be ~5K/m. Thiswould produce a noticeable warpage of the mirrors, with associated wavefront
error of order ~30 nm, or +/18 at| =550 nm.

?|.e., gradientsthat do not change ortimescalessmaller than the spacecraft spin period.

*The ~7 mK/m fluctuation shown in the Step 1 proposal is actually a worst-case scenario which
was driven by Earthlight at perigee (J.McGuire, private communication).

“The effects of gravity unloading and non-uniform CTE should also be looked at in this respect.
°Results are shown in the Step 1 proposal (see Figure 2.2-8 on page 19).
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2. Longitudinal Gradient Case.

2.1. Derivation of the Surface Perturbation.

Consider acylindrical coordinate systen@, 0, HgT embed
ded in a homogeneous medium whose coefficient of ther
mal expansion isa °K™*. For alinear temperature gradient
b = dT/dz along the z coordinate axis (Figure 3), the pertur
bation of the position of a point in the medium is given by

el O O

C 2@%- 075 2 Figure 3
U=afc zp + (1)

¢ 0 -

e (%]

(R.D. Reasenberg, private communication). In they, term, 322 arises from linear exparsion of

the material due to the gradientwhile the- 2 component is due to stresses within the material
set up by the gradient. The latter term isthe source of the familiar curling effect of an initially
flat disk. Theu, =afzp termisjust the linear expansion of the material, at a height z, in the
direction, due to the cumulative effects of agradient in the z direction. Thus, for a plane inclined
to the direction of the gradient by an angle, the perturbed position on the initially planar surface
as a function of the unperturbed coordinatesis

®7 0 ge“%aﬁ@z'/)zg 0
r=¢p f=rvd=c  p@iqpsd @

6)/ - g -

g e 0 [}

where x =pcosf, y=psinf, and s=h+ pcosftany isthe thickness of the material from the
CMA support(s) along the gradient (Figure 3). In the coordinate system shown in Figure 3, if the
attachment points of the CMA to the optical block are located at z=0, then h=0. More generally,
for attachment at alevel z=g thenh =-z.

Equation (2) contains a mix of perturbed and unperturbed coordinates and is therefore not useful
inits current form. We wish to express the perturbed surface in terms of the perturbed coordi
nates. From ther' component of (2), we have

p’:pgl+aﬂ@+pcosﬁtan)(83 (3)

Solving forr asafunction ofr', we find

1 é

.2 D
= (0] ! - 0
) 2yCOSHtan)(g\/Ee§'+yh@ +4yp' cosftan y Ee§.+yhg8 4)

wherey =a - f. The coefficient of thermal expansion isasmall quantity, so we can expand ap
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p=p - $+p’0089tan)(8p/y+08’?28 (5)
Use (5) forr inthe z' component of (2), expanding org, to get
1 .
S/ :S+_@2 _ pZOy
2e 7P (6)

Switching back to Cartesian coordinates and dropping the primes, we have the equation for the
perturbed glass thickness:
s=h+xtany+As (7

where
__laex? 2 120 20
As= 28c052;(+y h I.5y+08‘<jf 9 (8)
Notice that x/ cosy is the position along the mirror surface, which is physically of length

2al cosy.

A positive gradient along the z axis produces awarp in both the x and y directions. Relative to
x=0, the far end of the mirror aix=2a sags along xin the shape of a parabola. Along they
dimension (x=0), we also have a downward-sagging parabolic warp.

2.2. A Numerical Example.

The warps introduced by a positive temperature gradient of 10 mK/m wiia =2-10"8K-! are
illustrated in Figures 4 and 5. In Figure 4, the surface perturbation units are nanometers. The
warp across the short dimension (Figure 5) is shevn in picometers.

2.3. Resulting Change in the CMA Basic Angle; Constraint on Gradient Magnitude.

The longitudinal excursion of the end of the mirrofx=2a) relative to the beginning (x=0) is

_ _ _ . _2a2 L
AsE,y=h=0x=2a= 0052Xy+0§28 (9
This corresponds to an angle
oy _As __-a 20
2 " 2a coszxy+o§ ) (10)

The change in the basic angley is approximately twice this amount. For atolerance such that
oy < 7, the constraint on the longitudinal temperature gradient is then

2
p< S Lr+0(c?) (11)

For the specific casey = 45 deg, r = 25urad, a=30cm, and a =2-10"8K-!, we have
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A more careful way to determine the change in angle is to averagas across the mirror by inte

gration. The slope of the tangent along the x direction is

OASR,y 9 .
—_-X 2
x cosz;(y+o§ )

Hence the change in angle averaged over the2 by 2b rectangular surfaceis

2a b A
. OASR, y9
wty 21 T g BB g
0 -b

where w(x,y) is aweghting function. Evaluating the integral with w(x,y¥ 1, wefind

oy _ -a .
2 - coszxy+0§ )

To first order we recover the approximate result, eq. (10). The mirror widthh2nly entersin at
second order and is therefore negligible. Solving fog and imposing a basic angle tolerance,

we have that the temperature gradient constraint is

2
p< Czozf‘c +0(z2)




Basic Angle Temperature Gradient Sensitivity FTM-USNO-95-01

mirror warp (nm) mirror warp (pm)
0 O—T—T1 | I —
002 N -0.05— .
0.1 .
-0.04 .
-0.15— .
-0.06
Ds(y=0) 02F Ds(x=0) .
0,08 | | | | | opsl—L L 10111
0O 10 20 30 40 50 60 54 3 210 1 2 3 45
X (cm) y (cm)

Figure 5

We again recover the first-order approximation, thistimein eqg. (11). So, for all practical pur
poses, the first-order approximation is adequate.

Notice that there is no dependence ofdy on the distanceh (cf. Figures 3 and 6). Thisis because,
as shown by eq. (8),alongitudinal gradient in a homogeneous medium causes an even longitudi
nal displacement of a planar surface that is perpendicular to the gradient direction. The term
involving h is of the formAs = $h?y, which isindependent of position perpendicular to the z
axis. Henceit isonly the material between z=0 and the mirror surface that contributes to areta
tion of the basic angle. Thiswould seem to indicate that placement of the supports between the
CMA and the optical bench is unimportant, at least for longitudinal temperature gradients. Hew
ever, such is not the case for transverse gradients, as we shall see in Section 3.

2.4. Beam Divergence.

Curvature of the mirrorsintroduced by the temperature gradient will destroy the collimation of
the input beam upon reflection. In general, the radius of curvature of afunctiagx) is

(16)

whereq is the angle of the tamgent lineat g(x), S is arc length along the curve, and is the
equivalent focal length. UsingDs from eqg. (8) in eq. (16) yields

i CoS?y
a— 2,})

and fp=- 2—1]} (17)
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wheref, and f, are the focal lengths along the long (8) and short () dimensions. A CTE of

a =2-10"8K-!and atemperature gradiento = 5 mK/m produce focal lengths of 2.5 and 5.0
gigameters. At the edge of the beam launched toward the primaryr €30 cm), the wavefront
from such amirror would lag the wavefront center by about 18m. This represents an insignifi
cant wavefront error. However, static thermal gradients are on the order’/m. Such gradients
along the CMA would produce a wavefront error of order ~18 nm, orl+30 at| =550 nm. The
optical design goal isto achieve awavefront error of 4 nmlt appears that the likely thermal gra
dients will cause awavefront error many times this large.

3. Transverse Gradient Case.

%

3.1. Derivation of the Surface Perturbation.

Recall eg. (1):

2a

T g
< 0

(18)

g o ol O

For the transverse case, we rotate the coordinateso that
the z axisis again parallel to the temperature gradient
(Figure 6). Eq. (18) then applies without change. The Figure 6
unperturbed surface is now expressed in the form

/

s=h+(2a- z)tany = pcosfd (19)
so that the mirror plane is described by the constraint equation

h- pcos6d

p§1+§a+ h- pcosf @y‘

z=2a+ fan, (20)
Hence the perturbation at the surface is
6 1  h-poosfg? 4 , U
e 32 Tty 5 7y
G=yé 24 +h-p0050 ] (21)
€ PTHany U
e a
& 0 0
so that the perturbed surface has the form
é h- pcosf g 16 h- pcosf 3> 0 U
A + T+ = "z - !
& ?a tany 4 2827 tany 5 Y u
r=r+u=¢ v (22)
e U
e a
é a
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This time the independent variable of interest is z', so we would like to express the radiugn
terms of the perturbed “height,” z', and use that in the z’ component of (22). From thécompo-
nent of (22), we have

h- pcoso g
p=prBar—in, (23)
Solving forr, we find
h- p'cosf ¢ '
= B M Y oy @2

Hence, dropping the primed notation, the z component in the perturbed coordinates becomes

h- pC0890 1é,5 cos?0 9 ,, h+datany u 2
z=8a+ 28 g+ tanz, g tanyy g +OF5 @9

Invert thisto getr as afunction of z. Wefind

L2 N
U
_h+(2a- 2)tany 132h+(4a z)tany P +(2a- 2)tany g U 25
- cosf +§g cosf z- cos3f tan;(ay +0g°5 (26)
é U

Convert to Cartesian coordinates to obtain

x=h+(2a- z)tany
(27)

2 42
§h+(4a z)tany 9z - szy

.2 ) ..
0" tany -y + 020
x4y +OFG

Solve (27) for x. Wefind
x=h+(2a- z)tany +As (28)

whereDs is given below. Hence the perturbed surface height in the case of atransverse tempera
ture gradient is

s=h+(2a- z)tany +As (29)
where

1.
AS= zh+— da- z) - h?- y?tan
[zh+l&4a- 2)- h2- y2gtany )

1(2a 2)@h+(2a- 2)tanyGtanZy -y + 029
)

3.2. Resulting Change in the CMA Basic Angle; Constraint on Gradient Magnitude.

Since the two wedge mirrors are tilted in opposite directions (Figure 1), a positive temperature
gradient across one mirror is a negative gradient across the other, in terms of the effect on the tilt
angle. Therefore the change to the basic angle will again be twice the change in tilt of one of the
Mmirrors:
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oy _ ARYG
2 " 2a (31)
Now integrateDs across the mirror. The slope of the tangent along the z direction is
aASS'Zy% h+(2a- z)tany
oz coszy /7 SEa (32)
The change in angle, averaged over the @ by 2b plane, is then
2a b
? Y9
7“’ =g | [ w2 dydz (33)
0 -b

Evaluating (33) withw(z,y) = 1, we have simply

oy _ h+atan;( 28
2 = cos?y O§ (34)

Solving for g, we find that the temperature gradient constraint is

COSZX r+0(z2) (35)

2c;w’=’%+atan;(IJ
For the caseh =0, y =45 deg, r = 25urad, a=30cm, and a =2- 10" 8K-?, we have

cos?y mK
2aa tan)(f_Sl m

The tolerance on the transverse temperature gradient due to a constraint on the basic angle devia
tionis similar to that of the longitudinal gradient, differing by afacttan y and, more impor
tantly, by a dependence on the distancé.

3.3. Beam Divergence.

The curvature of the mirrors introduced by a transverse temperature gradient will cause the celli
mated input beam to diverge. Using eq. (16) to calculate the radius of curvature for the surface
function given by eg. (30), we find

- cos?y 3 1
7y tany and fp=- (36)

fa = 2ytany

wheref, and f, are again the focal lengths along the long and short dimensions. Note the similari
tiesto egs. (17). A CTE ofa =2-10 8K~ and atemperature gradiento = 5 mK/m again pro
duce focal lengths of 2.5 and 5.0gigameters,since I’'m usingc = 45 deg. The conclusions of
section 2.4 also hold for the transverse case.
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